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Abstract 

For a superprocess under a stochastic flow, we prove that it has a density 
with respect to the Lebesgue measure for d = 1 and is singular for d > 1. 
For d = 1, a stochastic partial differential equation is derived for the density. 
The regularity of the solution is then proved by using Krylov's Lp-theory for 
linear SPDE. A snake representation for this superprocess is established. As 
applications of this representation, we prove the compact support property for 
general d and singularity of the process when d > 1. 

Keywords: Superprocess, random environment, snake representation, stochastic 
partial differential equation. 
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1 Introduction 

Superprocesses under stochastic flows have been studied by many authors since the 
work of Wang (|ITj,^21) and Skoulakis and Adler jH]. At an early stage, this problem 

was studied as the high-density limit of a branching particle system while the motion of 
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each particle is governed by an independent Brownian motion as well as by a common 
Brownian motion which determines the stochastic flow. The limit is characterized by 
a martingale problem whose uniqueness is established by a moment duality. Before we 
go any further, let us introduce the model in more detail. 

Let b : R'^ ^ R'^, ai, 0-2 : R*^ ^ M'^^'' be measurable functions. Let W, Bi, B2, ■ ■ ■ 
be independent rf-dimensional Brownian motions. Consider a branching particle sys- 
tem performing independent binary branching. Between branching times, the motion 
of the ith particle is governed by the following stochastic differential equation (SDE): 

drii{t) = b{r]i{t))dt + aMt))dW{t) + a2{vi{t))dB^{t). (1.1) 

It is proved by Skoulakis and Adler [Hj that the high-density limit Xt is the unique 
solution to the following martingale problem (MP): Xq = E AdpiR'^), where M.pi^'^) 
denotes the space of finite nonnegative measures on R'^ and for any (j) G Cq{R'^), 

MticP) = {Xt, (f)) - {^1, 0) - r (X„ L(f>) ds (1.2) 

Jo 

is a continuous martingale with quadratic variation process 

(M(0)), = £ + |(X„afV0>f) ds (1.3) 

where 

i=l *)i = l 



gtj — ^^^^ X]f=i '^t^i''^ means the partial derivative with respect to the ith com- 



ponent of x G M"^, is the transpose of the matrix cji, V = [di, - ■ ■ ,dd)^ is the 
gradient operator and (/i, /) represents the integral of the function / with respect to 
the measure /i. It was conjectured in jU] that the conditional log-Laplace transform of 
Xt should be the unique solution to a nonlinear stochastic partial differential equation 
(SPDE). Namely 

W] = e-<^'^»''> (1.4) 



and 

J s 

+ I V^y.,t(x)ai(x)dV(r) (1.5) 

J s 

where dW{r) represents the backward Ito integrah 




g{r)dW{r)= hm ^ (r,) (W^ (r,) - (r,_i)) 



where A = {tq, ri, ■ ■ ■ , rn} is a partition of [s, t\ and | A| is the maximum length of the 
subintervals. 

This conjecture was confirmed by Xiong ^Hj under the following conditions (BC) 
which will be assumed throughout this paper: / > 0, 6, ci, o"2 are hounded with 
hounded first and second derivatives. 0"Jcr2 is uniformly positive definite, ai has third 
continuous hounded derivatives, f is of compact support. 

Making use of the conditional log-Laplace functional, the long-term behavior of this 
process is studied in ^3]. Also, the model has been extended in that paper to allow 
infinite measures /i G A4tem{^'^), namely, J^a e~^^^^ ii{dx) < oo for some A > 0. We shall 
assume /i G Aitemi^'^) throughout this paper. A similar model has been investigated 
by Wang ^2] and Dawson et al P] when the spatial dimension is 1. Further, in that 
case, it is proved by Dawson et al |2] that their process is density-valued and solves a 
SPDE. The regularity of the solution was left open in that article. 

This paper is organized as follows: In Section 2, we establish a snake representation 
for Xf. As immediate consequences to this representation, we get the compact support 
property of Xt (for all d) and for d > 1, takes values in the set of singular measures. 
Then, for d = 1, we prove in Section 3 that Xt is absolutely continuous with respect 
to Lebesgue measure and show that the density X{t,x) satisfies the following SPDE 

dtX = L*X - dA(riX)Wt + VXBt, (1.6) 
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where i? is a Brownian sheet and L* is the adjoint operator of L. The main result of 
this paper is to show the Holder continuity of X{t^x). 

Here is the main result. First recall that for n G M and p G [2, oo), is the space 
of Bessel potentials with norm 

||ix||„,p= ||(/- A)"/2,,||^. 



Theorem 1.1 Suppose that Condition (BC) is satisfied. Then 
i) If d > 1, then Xf is singular a.s. 

a) If d = 1, then Xt is absolutely continuous with respect to Lebesgue measure and the 
density satisfies the SPDE M.(^) . 

Hi) If in addition, /j, satisfies ^ G Hp ^ ^''^ with e G (0, \) and p > - and also satisfies 



sup {fi,^t{x - ■)) < oo, (1.7) 

t,x 

then the density X(t,x) is Holder continuous in x with index | — 2e for (a.e.) t a.s., 
where ^pt{x) is the density of a normal random variable with mean and variance t. 

Note that ()1.7|) is satisfied if has bounded density with respect to Lebesgue 
measure. 

Suppose that we apply the usual integral equation as in [12], Chapter 3, for ()l.fj|l 
in order to prove the Holder continuity. Then formally we have 

X{t,x) = j po{t,x,y)X{0,y)dy + J ai{y)X{s,y)dyPo{t- s,x,y)dydW{s) 



Xis, y)po{t - s, X, y)B{dsdy) 

where Pq is the transition function of the Markov process with generator L. However, 

the second term on the right hand side of the above equation is about 

t 

(t- s)-^/^dW{s) 





which is not convergent. Therefore, the convolution argument used by Konno and 
Shiga |S] does not apply to our model. In Section 4, we freeze the nonlinear term in 
()1.6|) and apply Krylov's L^-theory for linear SPDE to get the Holder continuity with 
index slightly less than | for X. 

Note that the SPDE in j2] is in current paper with Wt replaced by a space- 
time noise which is colored in space and white in time. The method of this paper can 
be applied to that equation to prove the regularity for its solution. 

2 Snake representation 

In this section, we construct a path-valued process yt such that the process Xt can be 
represented according to this process. Then, as an easy application of this representa- 
tion, we derive the properties for Xt. 

For the convenience of the reader, we recall some basic definitions and facts taken 
from Le Gall [Hj. Let C ^ and let / be a continuous function from M+ to such 
that /(s) = /(C), V s > C- We call such pair (/, C) a stopped path with C being 
the lifetime of the path. We denote the collection of all stopped paths by W. For 
(/, C), (/', C) e W, define a distance 

0, (/', CO) = sup |/(.) - /'(.)| + IC - CI- 

Then (w, <5) is a Polish space. In [Hj, Le Gall constructed a continuous time-homogeneous 
strong Markov process {Zt,Ct) taking values on W. Q is a one- dimensional reflecting 
Brownian motion. Given C, the process Z has the following property: for all r < t, 
and for all s < m^^t := m.ir<u<tC,u "we have Zr{s) = Zt{s). Furthermore, given m^^t 
and Zr{mr^t), the processes Zr{s) : s > m^^t and Zt{s) : s > m^^t are conditionally 
independent Brownian motions with lifetimes Cr and Q respectively. 
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Denote the strong solution to the SDE 

dri{t) = b{rj{t))dt + ai{rj{t))dW{t) + (72 {v{t))dB{t) 
by vi'^) = -^(^! ^1 Define the following path- valued process 

ytis) = F{s,W,Zt) 

with the life-time process (f 

Lemma 2.1 {yt,Ct) is a continuous W -valued process. 

Proof: Note that for all r < f and for all s < rrir^t, we have ^•(■s) = yt{s)- Furthermore, 
for given 3^r("^r-,t), the processes yr{s) : s > rrir^t and 3^t(s) : s > nir^t are the motions 
of two particles (say, 771 and 772) given as in the introduction with lifetimes Cr and 
(t starting from the same position 3^r('^r,t)- A simple application of Burkholder's 
inequality gives 



E 



sup \r]i[s) - r]2[s) 

m<s<M 



< K\M-m\^l'^, 



where m = rrir^t and M = V Denote by E ^ the conditional expectation given C- 
Then 



sup \yr{s)-ytis) 

s>mr t 



E 


snp \yr{s)-yt{st 


= E 


E^l 




_s>0 







< K 

sg[r,i] 

< K\t-r\^'\ 



sup \Cs-Crf^ 



The conclusion follows from Kolmogorov's criteria by taking A; > 4; see fU] for Kol- 
mogorov's criteria. I 
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Theorem 2.2 



Xt{f)= r f{ys{Cs))dii 



(2.1) 



Jt 



where 



is the local time process of ( at level t and 



T = mi{s : £° > 1}. 



Proof: Fix a parameter h > 0. For every t > 0, denote by [a], b]], [af,bf], ■ ■ ■ , [af\ bf^] 
the excursion intervals of (Cs)o<s<r above level t, corresponding to excursions of height 
greater than h. Set 



Then is the measure- valued process corresponding to the branching particle system 
described as follows: At time t = 0, we have Nq particles in M'^ with Poisson random 
measure with intensity measure h~^fi. The particles then move according to (jl.lj) with 
common W and independent Sj's. Each of them has a finite lifetime (independent of 
others) which is exponential with mean h. When a particle dies, it gives rise to either 
or 2 new particles with probability |. The new particles start from the position of the 
their father. As in the proof of Theorem 2.1 in [H], by the well-known approximation 
of Brownian local time by upcrossing numbers, we have that converges weakly to 
Xt, where Xt is given by the right hand side of ()2.H) . I 

As an application of the snake representation, we have the following immediate 
consequence. 

Corollary 2.3 If jj, is a finite measure, then for any t > 0, Xt has compact support 
a.s. 

Proof: By the snake representation, there exists a finite set / such that 



x^ = 2hJ2h^m- 



i=l 
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where yi is the tip of the ith snake. It is not hard to show that yi is continuous and 
hence, for any to > 0, 



U supp(Xi) C U Range (y^'^ = \J{yi : < s < r,} (2.2) 
t>to iei iei 

is compact. I 

To consider the case for /x being cr-finite, the following conditional martingale prob- 
lem (CMP) is useful. The following lemma was proved in [T^ . 

Lemma 2.4 i) If Xf is the solution to MP, then there exists a Brownian motion Wt 



such that for any (f> G Cf 



iVi(<^) = (Xi,0)-(/., 



- / {Xs,L(j))ds- [ {Xs,a^V<p)dWs (2.3) 
Jo Jo 

is a continuous {P,Qt)-fno,rtingale with quadratic variation process 

{N{<P)),= [\x„<p')ds (2.4) 
Jo 

where = JT^ V . 

a) If Xt is a solution to CMP, then it is a solution to MP. 

As another application of the snake representation, we have 

Corollary 2.5 If d>2, then Xt is singular. 

Proof: If yu is finite and d > 1, it follows from ()2.2p the support is of Lebesgue measure 
since {3^* : < s < Tj} is a continuous (one-dimensional) curve in R'^. If is a-finite, 
we can take = Y2'^=i with finite. Construct the solution X" to CMP with the 
same W and with initial yu", n = 1, 2, ■ ■ -. Then 

oo 
n=l 

is the solution to CMP with initial /i. Then supp(X") has Lebesgue measure and 
hence, so does the support of Xf. This implies that Xf is a singular measure a.s. I 
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3 SPDE for d=l 

In this section, we prove that Xt has a density which satisfies the SPDE ()1.6|) whose 
mild form is 

{XtJ) = [\x,,Lf)ds+ [\x,,aJ')dWr 

Jo Jo 

Xs{x)f{x)B{dsdx). 



(3.1) 

Let po(t,x,y) and qQ(t, (xi,X2), (^1,2/2)) be the transition density functions of the 
Markov processes ^i(t) and (?7i(t), ?72(t)) respectively. By Theorem 1.5 of [13], we have 



E 



i^tj) = / f{y)po{t,x,y)dy^{dx) 



(3.2) 



and 



{XtJ) {Xt,g) 

fiyi)9{y2)qo{t, {xi,X2), {yuy2))dyidy2fi{dxi)fi{dx2) 



(3.3) 



+2 / ds po{t - s,z,y)f{zi)g{z2)qo{s,{y,y),{zi,Z2))dzidz2dyn{dz). 
Jo Jr-^ 

Theorem 3.1 ///i(K) < 00, then Xt e Hq = L'^{r) a.s. 



Proof: Take / = po(e, x, ■) and g = po{e' , x, ■) in ()3.3|) . Note that as e, e' — > 0, 



]3o(e, X, Zi)po{e', x, Z2)po{t - s, z, y)qo{t, {y, y), {zi, Z2))dzidz2 
Po{t - s,z,y)qo{t,{y,y),{x,x)). 

Note that by Theorem 6.4.5 in Friedman |3I, we have 



Po{e,x,y) < cipc'e{x - y), 



Qois, {y, y), {zi, Z2)) < apc's{y - zi)^pc's{y - Z2) 



where v?t(x) is the normal density with mean and variance t (introduced earher). 
Note that c' is a constant which is usually greater than 1. Since it does not play an 
essential role, to simplify the notations, we assume c' = 1 throughput the rest of this 
paper. Hence, 

Poie, X, Zi)po{e', x, Z2)poit - s, z, y)qois, {y, y), (^i, Z2))dzidz2 

< C (f^{x - Zi)(f^>{x - Z2)ipt-s{z -y)iPs{y - Zi)ips{y - Z2)dZidZ2 

= Cips+e{x - y)ips+e'ix - y)(pt_s{z - y). 

As 

lim / dt dx ds ips+e{x - y)(Ps+e'{x - y)ipt_s{z - y)dyfi{dz) 
^'^'^ojo J Jo >/k2 

= lim dt rfsv?2s+£+£'(0)/u(M) 
^.^'^ojo Jo 
T .t 

dt / dsip2s{0)fi(R) 
Jo 

dt dx ds ipt-s{z-y)^s{x-y)^s{x-y)dyn{dz), 
J Jo Jr^ 

by the dominated convergence theorem, we see that as e, e' 0, 

dt dx ds po{t - s, z,y)po{e,x, zi)pQ{e' ,x, Z2)qo{s,{y,y),{zi, Z2))dzidz2dyij{dz) 
J Jo Jm* 

dt dx ds po{t- s,z,y)qo{t,{y,y),{x,x))dyiJ,(dz). 
J Jo Jm'^ 

Similarly, we have 

dt dx po{e,x,yi)po{e',x,y2)qo{t,{xi,X2),{yi,y2))dyidy2fi{dxi)fi{dx2) 
J Jk4 

dt dx qo{t,{xi,X2),{x,x))fi{dxi)fi{dx2). 







J 
Hence 







dt I dxE {{Xt,p{e,x,-) {Xt,p{e,x,-))) 
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dt dx qo{t, {xi, X2), {x, x))iJ,{dxi)iJ,{dx2) 
J Jv? 

+ dt dx ds po{t - s,x,y)qo{t,{y,y),{x,x))dyn{dx). 
Jo J Jo Jm.^ 

From this, we can show that {{Xt,po{e, x, ■)) : e > 0} is a Cauchy sequence in x 
[0, T] X m). This imphes the existence of the density Xt{x) of Xt in L'^{Q, x [0, T] x m). 



Next theorem considers infinite measure. 
Theorem 3.2 If E JAtemi^'^), then Xt has a density Xt{x). 

Proof: If ^ is a-finite, we can construct X" with Xq = /i" being finite as those in the 
proof of Corollary 12.51 Then 

00 

n=l 

is the solution to CMP with initial /i. Let 



Xt{x) = J2xnx). (3.4) 



n=l 

By (j3.2j) . we have 

EX^{x)= [ po{t,y,x)fi^{dy). 
Jr 

As 

Po{t, X, y) < apt{x -y) < c{t, A, x)e"^'^l, 

for any A > 0, we have 



= J2 / Po{t.y.x)fi-{dy) 
1 Jr 

Po{t,y,x)n{dy) < 00. 

Hence, Xt{x) is well-defined by fj3.4|) . It is then easy to show that Xt{x)dx = Xt{dx). 
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Finally, we derive the SPDE satisfied by the density. 

Theorem 3.3 If d = 1, then Xt is the (weak) unique solution to the SPDE 

Proof: Note that Nt{(p) is a continuous (P, ^t)-martingale with quadratic variation 
process 

{N{(l)))t= I I {yxjx)(j){x)y dxds. 

By the martingale representation theorem (|3], Theorem 3.3.5), there exists an L?{m)- 
cylindrical Brownian motion B on an extension of (f2,jF, ^j,?) such that 

Nt= ! (jYs,dB,) 

Jo \ /lHr) 

There exists a standard Brownian sheet B such that 

Bt{h) = [ [ h{x)B{dsdx), \/h e ^^(m). 
Jo Js. 

Therefore, 

Nt{(P) = [ [ ^Xs{xmx)B{dsdx). 



-'R 



As -B is a Brownian sheet on an extension of Qt, it is easy to show that B is independent 

of ly. I 

4 Holder Continuity 

This section is devoted to the proof of the main result: Theorem ll.il fiii). Namely, in 
this section, we consider the regularity of the solution to the nonlinear SPDE (jl.6j) . 
We use the linearization and Krylov's Lp-theory for linear SPDE. 

We will paraphrase the condition (BC) to find some reasonable assumptions for 
ai,(72,b to make our regularity argument easy. Note that these functions are scalar 
functions since we are dealing with the situation d = 1. Therefore, we have L = 
lad,, + bd, and L* = \ad,, + (a' - 6)9, + (|a" - 6'). 
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We start by defining some basic spaces. We denote 

[f\o = sup \f[x)l [f\^ = sup — ■ — 

xGM x^y \^ ~ y\ 

for 7 G (0, 1]. Using tliis notation, we define 

CO.. = [/]o + [fVn ll/llci- = [/]o + [/']o + [fX 
= [/]o + [/']o, ||/||c^ = [/]o + [/']o + [/"]o 



assuming that /' or /" exist if tliey appear in tlie corresponding definition. Tlien we 
define the Banach spaces : 

C'^ = {/ : ll/llco.. < oo}, C^'^ = {/ : ll/llci,. < oo} 
C^ = {f : ||/l|c^<oo}, C' = {f : ||/||c^<oo}. 



Remark 4.1 Zygmund spaces C^'"'^C^'"' are the usual Holder spaces if 'j ^ (0)1)- It 

is easy to see that we have \\f\\con < 2||/||co,i, ||/||ci.7 < 2||/||ci,i and \\f\\co.i < 
ll/llciJI/llcM < when f orf" exists. 

Now, we state assumptions on ai,a2,b. First, our condition (BC) gives us the 
following assumption : 

ai,a2eC\ beC (4.1) 
which, in particular, implies a = af + a2 & C^- We also assume that 

S < ^a, ^al < K, \\a^\\c2, h^Wc^, \\b\\ci < K (4.2) 

for some positive constants 5, K. 

Next, we recall the basic definitions of some function spaces defined in |7]. In 
addition to the definition about space of Bessel potentials in the Theorem ll.il we also 
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define the following : for n G K and p G [2, oo) let H";{l2) be the space with norm 



\9\\n,f 



for valued functions g = {g^}- Then we define 

m;{T) = Lp{n X [o,t],v,h;) m;{T,i2) = L,{n x [o,t],p,//;(/2)) 

where V is the predictable a-field. We denote Lp(T) = H°(r). Let {twf : A; = 1,2, . . .} 
be a family of independent one-dimensional Brownian motions. 

We say u G n^{T) if d^^u G h;'-2(T) and m(0, ■) G Lp(fi, Hp"^'"^) and there exists 
e h;'-2(7^) X H;j-i(r,/2) such that V(/) G Co~(m), (a.s.) 

Jo Jo 

holds for all t <T. We denote 

||'"||h^{T) = \\dxxU\\jir^-2^^^ + ||/||jjn-2(^) + 1 1 fi- 1 1 1 (j^^^^ ) + \Wofn-2/p,p) 

Reader can find motivation of this definition and detailed remarks in [7]. 

Now, we fix e G (0, \) and proceed to the Proof of Theorem (in) : First, we 
freeze the nonlinear term of SPDE and consider the following auxiliary linear 

SPDE for Yt{xy. 

dtY = L*Y + VXBtx ^4 3^ 



1 rr|-<:-2/p 

where we assume n G Hp 
Then Z = X — Y satisfies 

dtZ = L*Z - + Wt 



We apply Theorem 8.5 of [7j to (|4.3p . To do this we need the coefficients of L* and 
X to satisfy 

|a||ci,i < oo, ||a' - 6||co,i < oo, [^a" - 6% < oo, \\\fX\\i^^(T) < oo . 
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In fact, we have 

||a||c7i,i < i^, ||a'-6||co.i < 2K, [^a" - b']o < 2K 

by our assumptions ()4.ip and ()4.2|) and Remark 14.11 We will prove ||V^||lp(t) < oo 
later and take this for granted in this proof. 

Now, by Theorem 8.5 of j7j to ()4.3|) and the first assertion of Lemma 8.4 and the 
fact that fi is nonrandom, we have a unique solution Y in Tip '^{T) with estimate 

< A^(llv^llL,(T) + ||/i||i.._2/,,,) (4.5) 

where depends only on e,p,S, K,T. 

Now we use Theorem 5.1 in for equation ()4.4j) above with n = — | — e G (—2, — §)• 
Note dxiuiZ) = (JidxZ + dxUiZ . If we read j7] carefully, we can see that the following 
conditions are required : 
(i) 

S<\a-\al{=\al)<K, 

for some positive 5, Ki. 

(ii) a, o"! are Lipschitz continuous with Lipschitz constant Ki. 

(iii) a G C^'^^,ai G C^''^^ for some 71,72 G (0, 1) and ||a||(7i,7i + ||o"||(-'0,72 < Ki 

(iv) II a' - 6||c;o,.3 + Ilia" - b% + [d,ai]o < Ki for some 73 G (0, 1). 

(v) d,{a,Y) G m;+\T) (= Hp ^"^(T)). 

But, conditions (i) through (iv) are satisfied under 1)4.11) and ()4.2j) and Remark 14.11 
Note that we can take some constant multiple of as Ki. On the other hand, (v) is 
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also satisfied. For 



< A'|k||,.._.,.||y||_i_,,^, (4.7) 

< A'lkllc.lini,!-,,,, (4.8) 

< A^llril i_, (4.9) 
- II 11^2 (-T) V ^ 



< iV||VX||L,(T) + iV||/i||i_e-2Mp<00. (4.10) 

()4.6|) follows the observation dx = dx{I — A)~^/^(/ — A)^/^ and the boundness of the 
operator (9^(/ — A)^^/^. (|4.7p follows Lemma 5.1 (i) in [7j. Up to this step, only 



depends on e,p. Note that | — e + ^ is still in (0, 1) since | — e G (^, |). Hence 



we 



have ()4.8p by ()4.2|) and Remark 14.11 ()4.9p follows Theorem 3.7 in [7] and depends 
only on e,p, K, T now. Finally, (g^I) gives us with = N{e,p, S, K, T). 

Therefore, we have a unique solution Z in Tip ^(T) with 



where = N{e,p, d, K,T). 

Thus, combining ()4.5j) and ()4.1H1 . we have X = Y + Z E Tip '^{T) with estimate 

l'^l'^l-(T) - + NM^,-e-2/p,p- (4-12) 

By the embedding Theorem 7.1 in [7j, this implies 



So, for large p > 1 , we have 

\\Xt\\^^-2. < oo 
for (a.e.) t G [0,T] a.s.. we are done with the proof. 



-e-2/p,p- 
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Finally, we use the moment dual to prove that 



E 



[ I X{t,xYdxdt < oo (4.13) 



for all n G N. 

Let rit be a pure-death Markov chain with uq = and, at a rate ^n{n — 1), jumps 
from n to n — 1. Let = tq < ti < ■ ■ ■ < r,j_i be the jump times. Let /o = and 
for t < Ti, ftiy) = Po{t, (x, ■ ■ ■ , x), y), Vy G M" where is the transition function of 
the n-dimensional diffusion {r]i{t), ■ ■ ■ ,r]n{t)). For / G C(M"), let Gijf G C(M"~^) be 
given by 

GijfiVl, ■ ■ yn-2, Vn-l) = f{yi, ■ ■ Vn-l, " " " , 2/n-l, " " " , 2/n-2) 

where |/„_i is at ith and jth position. Let 

/ri = Tl/n- 

where Fi is a random element taking values in {Gij '■ 1 < i < j < n} uniformly. We 
continue this procedure to get the process ft- Replace /o by a smooth function /g > 
approximating /q. Denote the process constructed above with /q in place of /o by ff. 
Similar to Theorem 11 in Xiong and Zhou fH], we have 

E (Xr,/o^>=E ("(/i^^S /f > exp Q fn,{n,-l)dt 







Taking limits and using Fatou's lemma, we have 



X{t,xr < E (^(/.«"*,/i>expQ£ 



ns{ns — l)ds 



< 



exp l)t^ |Je ((^«"% /,) 1.._,<*<.J • 



Let ^ = 3. Then 



/f(xi, ■ ■ ■ , Xn-2) < c / n"^]^^(/9t_^2(2;i - yi)^2fT2-{.y)dy 
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(n-2)(n-3) 

fr2-{yi, ■ ■ ■,yn-2, ■ ■ ■ ,yn-2, " " ' ^Vn-Zldy 

2 



Thus 



^ (n-2)(n-3) 

tPn (Zi-X)--- {Zn-2 - X)(pr^ (z„_i - xf 



< C I (pt-T2iXn-2 - yn-2)KdXn--2) [ ciy„_2 — ^=^==¥'r2 (Z/n-2 " 2:) . 
Jv. Jr \/Ti[T2 — Ti) 

Therefore 

/ E {fi^'^'Ji) lr2<t<rsdx < C^{R)E . / < OO. 

A Vn{T2-Ti) 

The other terms can be proved similarly. This finishes the proof of Theorem 11.11 
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